Abstract. Let C 0 (K, X) denote the space of all continuous X-valued functions defined on the locally compact Hausdorff space K which vanish at infinity, provided with the supremum norm. If X is the scalar field, we denote C 0 (K, X) by simply C 0 (K). In this paper we prove that for locally compact Hausdorff spaces K and L and for Banach space X containing no copy of c 0 , if there is a isomorphic embedding of C 0 (K) into C 0 (L, X) where either X is separable or X * has the Radon-Nikodým property, then either K is finite or K ≤ L . As a consequence of this result, if there is a isomorphic embedding of C 0 (K) into C 0 (L, X) where X contains no copy of c 0 and L is scattered, then K must be scattered.
Introduction
For a locally compact Hausdorff space K and a real Banach space X, C 0 (K, X) denotes the Banach space of all continuous functions f ∶ K → X which vanish at infinite, provided with the norm: f = sup x∈K f (x) . If X is the field of the real numbers R, we denote C 0 (K, X) by simply C 0 (K). If K is compact these spaces will be denoted by C(K, X) and C(K) respectively. As usual, we also denote C 0 (N) by c 0 .
For Banach spaces X and Y , a linear operator T ∶ X → Y is called an isomorphic embedding if there are A, B > 0 such that A u ≤ T u ≤ B u , ∀ u ∈ X.
If such an embedding exists, we may say that Y contains a copy of X and then write X ↪ Y . On the other hand, we write X Y if Y contains no copy of X. An isomorphic embedding of X onto Y is called an isomorphism. Whenever an isomorphism exists, we may say that the spaces are isomorphic and then write X ∼ Y .
We will also adopt another standard notational conventions. For a Banach space X, B X stands for its unit ball, S X its unit sphere and X * its (topological) dual space. We denote by span(E) the linear span of a set E ⊂ X and by span(E) the closed linear span of E. The cardinality of any set Γ will de denoted by Γ .
If B K is the Borel σ-algebra of a locally compact space K and µ ∶ B K → X is an additive function, the variation of µ is the positive function µ ∶ B K → R defined by:
the supremum being taken over all finite partitions {B i } of B in B K . An additive set function µ is said to have bounded variation if µ (K) < ∞. The variation µ is clearly additive and if µ has bounded variation, then µ is σ-additive if and only if µ is σ-additive. We say that µ is regular if µ is regular in the usual sense. We denote by M (K, X) (or simply M (K), when X is the scalar field) the set of all regular, σ-additive measures µ ∶ B K → X of bounded variation. It is not difficult to prove that the map µ ↦ µ (K) is a norm making M (K, X), with the usual operations, a Banach space. In this paper, we indentify the space M (K, X * ) with the dual of C 0 (K, X) via the Singer Representation Theorem, which asserts that there exists an isometric isomorphism between C 0 (K, X) * and M (K, X * ) such that for every linear functional ϕ and the corresponding measure µ are related by
where the integral is in the sense of Dinculeanu [5, p. 11] . This caracterization when K is a compact Hausdorff space can be found in [6] . The locally compact case can be derived from the compact one as explained in [2, p.2] . For compact Hausdorff spaces K and L, a natural question is what properties are transfered from L to K if there is an isomorphism of C(K) onto C(L). A more general question can be posed in the following way: Problem 1.1. Suppose that there is an isomorphic embedding of C(K) into C(L) and L has some property P. Does K has property P?
Since the classical paper of Banach [1] , there are several fascinating developments related to the questions above (for some very recent, see [7] and [8] ). In the field of vector-valued continuous functions, the following question seems to be a natural extension of the previous one: Problem 1.2. Suppose that there is an isomorphic embedding of C(K) into C(L, X), where X is a Banach space containing no copy of c 0 and L has some property P. Does K has property P?
We observe that the Problem 1.2 makes no sense without the condition: c 0 X. For if K has some relevant property P and L doesn't, it is clear that C(K) embeds isomorphically in C(L, C(K)).
In the present paper, for locally compact Hausdorff spaces K and L, we study isomorphic embeddings of C 0 (K) into C 0 (L, X) in the spirit of Problem 1.2. The results are the following: Theorem 1.3. Let K and L be locally compact Hausdorff spaces and let X be a Banach space containing no copy of c 0 . If either X is separable or X * has the Radon-Nikodým property and
Follows from the previous theorem a extension of the main result of [3] . Another application of Theorem 1.3 provides us the following result: Theorem 1.4. Let K and L be locally compact Hausdorff spaces and let X be a Banach space containing no copy of c 0 . 
we conclude that the hypothesis c 0 X, in general, cannot be removed neither in Theorem 1.3 nor in Theorem 1.4.
Auxiliary results
In order to prove our theorems, we need first to establish some auxiliary results.
Proposition 2.1. Let K and L be locally compact Hausdorff spaces, X be a Banach space containing no copy of c 0 and T be a isomorphic embedding of
where δ y denote the Dirac measure centred on y, is finite.
Proof. Assume that K y (ǫ) is infinite for some y ∈ L. We will show that this assumption leads to a contradiction. Under this hypothesis we may fix distinct points
For every n, by regularity of the measure T * (ϕ n ⋅ δ y ), we may fix an open neighborhood V n of x n such that
Since x 1 , x 2 , x 3 . . . are all distinct and K is a locally compact Hausdorff space, by passing to a subsequence if necessary, we may assume a sequence of pairwise disjoint open sets U 1 , U 2 , U 3 . . . such that x n ∈ U n ⊆ V n for every n ∈ N.
By using the Urysohn Lemma, we can take functions f n ∈ C 0 (K) such that 0 ≤ f n ≤ 1, f n (x n ) = 1 and f n = 0 outside U n . From (2.1) we have
Let S ∶ c 0 → X be the operator defined by S((a n ) n ) = T (∑ n a n ⋅f n )(y). Clearly, S is a bounded linear operator and if {e n ∶ n ∈ N} are the unit vectors in c 0 , we have S(e n ) = T f n (y) ≥ ǫ 2 for every n ∈ N. We deduce that inf n∈N S(e n ) ≥ ǫ 2 and according to a result due to Rosenthal, see [9, Remark following Theorem 3.4], there exists an infinite N ⊆ N such that S restricted to C 0 (N ) is an isomorphism onto its image. In other words, c 0 ↪ X, a contradiction.
The following theorem can be obtained from [5, Theorem 34, p . 37] and the definition of the Radon-Nikodým property, see [4, p. 61 ]. It will be applied in the proof of the Lemma 2.3. For a locally compact Hausdorff space and a Banach space X, a function γ ∶ K → X * will be called weakly * -measurable, or simply w * -measurable, if for every v ∈ X the numerical function y ↦ ⟨γ(y)
Moreover, when X * has the Radon-Nikodým property, γ may be chosen to be measurable.
In next lemma, we will follow an argument due to G. Plebanek, see [7, Lemma 3.2] . Lemma 2.3. Let K and L be infinite locally compact Hausdorff spaces, X be a Banach space and T be an isomorphic embedding of C 0 (K) into C 0 (L, X). If either X is separable or X * has the Radon-Nikodým property, then for each x ∈ K there is some y ∈ L and ϕ ∈ S X * such that T * (ϕ ⋅ δ y ) ({x}) > 0.
Proof. Whitout loss of generality, we may assume that A f ≤ T (f ) ≤ f , ∀f ∈ C 0 (K), for some A > 0. Pick x ∈ K and let λ x ∈ T (C 0 (K)) * be such λ x (T f ) = f (x), ∀f ∈ C 0 (K). It is simple to check that λ x ≤ 1 A. We take µ x , a HahnBanach extension of λ x to M (L, X * ).
According to Proposition 2.2, there exists a w * -measurable function γ ∶ L → X * (which can be chosen measurable if X * has the Radon-Nikodým property) so that
Whenever f ∈ C 0 (K, X) and y, y 0 ∈ L 0 we may write
Since the function L 0 ∋ y ↦ ⟨γ(y), T f (y 0 )⟩ is continuous, by the definiton of L 0 , it follows from the above relation that y ↦ ⟨γ(y), T f (y)⟩ is continuous. This establishes our claim.
It follows from Claim 1 that
is lower semicontinuous. According to the Lusin's theorem, there is a compact set
Next, let U x be the collection of all open neighborhoods of x, and for each
this contradicts the choice of ǫ and establishes the Claim 2.
Next, considering U x ordered by the reverse inclusion, by the Claim 2, we may fix a net
Since L 1 is compact, passing to a subnet if necessary, we may assume that this net converges to y 0 ∈ L 1 .
Let be U ∈ U x , where U is compact. Since Γ y0 is regular and K is a locally compact Hausdorff space there are V 0 , V 1 ∈ U x with V 0 and V 1 compact, satisfying
For any W ∈ U x with W ⊆ V 0 we have g ≥ f w ≥ 0 and hence
Since the function
By using the the Hahn decomposition theorem for K and Γ y0 and by using the regularity of Γ y0 , we may find a function
We know by Claim 1 that
Recalling (2.3) we deduce that
By the regularity of Γ y0 , we conclude that
The following lemma will be used in the proof of Theorem 1.4.
Lemma 2.4. Let K be a scattered compact Hausdorff space and let X and Y be Banach spaces where Y is separable. If Y ↪ C(K, X), there is a countable metrizable compact space K 0 and a separable Banach space X 0 ⊂ X such that
Proof. Since Y is a separable space isomorphically embedded in C(K, X) and span ({f ⋅ u ∶ f ∈ C(K), 0 ≤ f ≤ 1, and u ∈ X}) is dense in C(K, X), it is possible to find sets {f n ∶ n ∈ N} ⊂ C(K), where 0 ≤ f n ≤ 1 for each n ∈ N, and {u n ∶ n ∈ N} ⊂ X,
Clearly, Λ is continuous, since the projections in each coordinate are continuous.
N is metrizable and is scattered because it is a continuous image of a scattered compact space. Then, K 0 must be also countable.
Let X 0 = span ({u n ∶ n ∈ N}). Clearly, the space C(K 0 , X 0 ) can be isometrically embedded into C(K, X) via the composition map ] be the projection on the n-th coordinate and let λ n be the restriction of π n to K 0 .
For any m, n ∈ N fix g m,n = λ n ⋅ u m ∈ C(K 0 , X 0 ) and observe that
It follows that f n ⋅ u m ∈ Y 0 for every m, n ∈ N. Therefore,
Proofs of the main results
Proof of the Theorem 1.3. Let T be an isomorphic embedding of C 0 (K) into C 0 (L, X). If L is finite, then there is n ∈ N such that the space X⊕ n . . . ⊕X (denoted simply by X n ) is isomorphic to C 0 (L, X). If K were infinite, then C 0 (K), and consequently X n , would have a copy of c 0 . According to a result due to C. Samuel [10, Theorem 1], X would have a copy of c 0 , a contradiction to our hypothesis. We conclude that if L is finite, then K must be finite as well.
Next, let us assume tha both L and K are infinite. For each y ∈ L and n ∈ N consider
where δ y denote the Dirac measure centred on y, and
By the Proposition 2.1, K y (1 n) is finite for every n ∈ N and then K y is countable for every y ∈ L. According to Lemma 2.3, for every x ∈ K there exists y ∈ L such that x ∈ K y . Thus, K ⊂ ⋃ ∪ {∞} is the Aleksandrov one-point compactification of L, the space C 0 (L, X) can be identified isometrically as a subspace of C(αL, X) namely: the subspace of all continuous functions f ∶ αL → X such that f (∞) = 0. We deduce
Since C 0 ([0, 1] ∖ {t}) is separable and αL is a scattered compact space, according to Lemma 2.4, there is a countable metrizable compact space L 0 and a separable Banach space X 0 ⊂ X such that C 0 ([0, 1] ∖ {t}) ↪ C(L 0 , X 0 ) ↪ C(αL, X).
Since X 0 is separable and contains no copy of c 0 , we may apply the Theorem 1.3 and obtain 2 ω0
a contradiction, which establishes the theorem.
